Selectively Metropolised Monte Carlo light transport simulation
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Fig. 1. For this indoor scene lit by a sun/sky environment emitter, path tracing resolves most of the lighting well, but introduces high variance in the reflective
caustic cast by the mirror. ERPT and RJMLT resolve the caustic better, but do not handle diffuse lighting well and introduce noise and temporal flickering. Our
method uses MLT to only resolve the difficult paths using bidirectional path tracing, and handles everything else with path tracing, leading to significantly
improved MSE (relative MSE shown in insets) and vastly reduced temporal flickering (see Fig. 5). Scene ©SlykDrako.

Light transport is a complex problem with many solutions. Practitioners are
now faced with the difficult task of choosing which rendering algorithm
to use for any given scene. Simple Monte Carlo methods, such as path
tracing, work well for the majority of lighting scenarios, but introduce
excessive variance when they encounter transport they cannot sample (such
as caustics). More sophisticated rendering algorithms, such as bidirectional
path tracing, handle a larger class of light transport robustly, but have a high
computational overhead that makes them inefficient for scenes that are not
dominated by difficult transport. The underlying problem is that rendering
algorithms can only be executed indiscriminately on all transport, even
though they may only offer improvement for a subset of paths. In this paper,
we introduce a new scheme for selectively combining different Monte Carlo
rendering algorithms. We use a simple transport method (e.g. path tracing)
as the base, and treat high variance “fireflies” as seeds for a Markov chain
that locally uses a Metropolised version of a more sophisticated transport
method for exploration, removing the firefly in an unbiased manner. We use a
weighting scheme inspired by multiple importance sampling to partition the
integrand into regions the base method can sample well and those it cannot,
and only use Metropolis for the latter. This constrains the Markov chain to
paths where it offers improvement, and keeps it away from regions already
handled well by the base estimator. Combined with stratified initialization,
short chain lengths and careful allocation of samples, this vastly reduces
non-uniform noise and temporal flickering artifacts normally encountered
with a global application of Metropolis methods. Through careful design
choices, we ensure our algorithm never performs much worse than the base
estimator alone, and usually performs significantly better, thereby reducing
the need to experiment with different algorithms for each scene.
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1 INTRODUCTION

Photorealistic image synthesis is an important problem with many
applications in scientific visualization, video games and the movie
industry. The rendering equation [Immel et al. 1986; Kajiya 1986] and
the path integral [Veach 1997] form the predominant mathematical
framework for physically based rendering, formalizing it in terms
of an integration problem over the space of light paths connecting
the camera to a light source.

In practical scenes with complex lighting, materials and geome-
try, the space of possible light paths is large and high-dimensional,
making Monte Carlo based rendering methods the predominant
solution technique [Pharr et al. 2016]. Of these methods, path trac-
ing [Kajiya 1986] in particular has found widespread adoption in
industry [Christensen and Jarosz 2016; Fascione et al. 2017], owing
to its simplicity and efficiency.

Although path tracing can perform well most of the time, it may
undersample small sets of high-contribution light paths (such as
caustics), which introduces excessive variance and leads to long
render times before a noise-free image is obtained (Figure 2, middle
row). More sophisticated Monte Carlo methods [Georgiev et al.
2012; Hachisuka et al. 2012; Lafortune and Willems 1993; Veach and
Guibas 1994] are superior at sampling complex transport, but these
methods come with considerable computational overhead. If the
scene is dominated by “simple” transport, i.e. that which path tracing
can handle well, these methods perform significantly worse than
path tracing when compared at equal time. This is because these
methods can only be employed globally, i.e. on all transport, rather
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thanlocally, i.e. only on complex transport where they provide an
advantage.

Rendering algorithms based on Markov chains such as Metropolis
light transport (MLT) [Veach and Guibas 1997] excel at focusing
computational e ort on complex transport by reusing and iteratively
perturbing existing samples. While they can sometimes reduce vari-
ance signi cantly compared to pure Monte Carlo methods, they also
explore the available space unevenly, leading to poor strati cation,
splotchy non-uniform noise and ickering artifacts in animations.
This is particularly apparent on simple transport such as direct
lighting, which would otherwise be sampled well by path tracing
(Figure 2, bottom row). Implementations of these methods typically
include hard-coded rules for separating out simple transport to be
handled by a separate Monte Carlo method, but these rules do not
generalize well. Much like sophisticated pure Monte Carlo methods,
methods based on MLT only outperform path tracing when the
scene is dominated by complex transport.

In this paper, we introduce a way to selectively combine tradi-
tional Monte Carlo rendering algorithms with Metropolis sampling
to leverage the bene ts of both. We partition the integration do-
main into regions that are handled well by a base Monte Carlo
method (like path tracing) and those that are not. Whenever the
base method encounters a sample in the latter region that would
introduce high variance, the sample is used instead as a seed for
a Markov chain that locally explores the di cult transport with
a more sophisticated rendering algorithm (like bidirectional path
tracing).

The design space for this type of algorithm is large, and we iden-
tify a particularly practical con guration that has the following
important properties:

Robustness.Our method is usually much better and never much
worse than the base method. By quickly classifying which samples
should be handled by the Markov chain and carefully allocating
computational e ort, our method does not degrade the perfor-
mance of the base method and avoids adversely a ecting render
times when not needed.

Strati cation. We drastically reduce temporal ickering and im-
prove strati cation by restricting the Markov chain only to paths
the base method cannot handle well. Low-discrepancy sequences
and adaptive sampling may still be used for the base method,
further improving noise characteristics.

Local use of complex methods. Even if the base method is sim-
ple (e.g. path tracing), the Markov chain may use inversions [Bit-
terli et al. 2018; Otsu et aR017; Pantaleoni 2017] to employ more
complex rendering methods (e.g. bidirectional path tracing) to
explore nearby di cult transport. The ability to use these sophis-
ticated algorithms locally only for samples that need it allows our
algorithm to improve both upon the base method and its more
sophisticated variants.

We motivate our combination of Monte Carlo and Markov chains
with Multiple Importance Sampling [Veach and Guibas 1995] (sec-
tion 3), and show that the standard MIS heuristics do poorly for our

with a more sophisticated outlier detector. We then discuss the de-
sign decisions needed to make the resulting MLT estimator practical
(section 5) and describe our choice of outlier detector (section 6).

2 RELATED WORK

Metropolis.Starting with the original Metropolis light transport
algorithm [Veach and Guibas 1997], much e ort has been invested
in nding specialized perturbation strategies for complex transport
con gurations [Hanika et al 2015; Jakob and Marschner 2012], visi-
bility [Hachisuka and Jensen 2011, ik et.&016], and improved
step size control [Otsu et aR018; Zsolnai and Szirmay-Kalos 2013].
MLT algorithms based in primary sample space [Hachisuka et al
2014; Kelemen et 22002] are of particular interest due to their
simplicity and ability to leverage importance sampling strategies
present in modern renderers. Recent extensions [Bitterli eRalL8;
Otsu et al 2017; Pantaleoni 2017] allow these methods to leverage
inverses to rapidly switch between di erent importance sampling
techniques, which allows them to explore di cult paths more easily.
Although in theory our algorithm could be used with any of these
methods, we focus on primary sample space methods and in particu-
lar Reversible Jump MLT (RJMLT) [Bitterli et 2018], as it presents
a good trade-0 between robustness and simplicity. Energy Redis-
tribution Path Tracing [Cline et al2005] (ERPT) aims to improve
strati cation by running many short chains in parallel, as opposed
to the few, long-lived chains of traditional methods. Similar to ERPT,
we use well-seeded, short-lived chains to improve strati cation, but
combine it with a partitioning of the integration domain so that
the Markov chains only need to explore small, high-energy parts of
path space, which further improves e ciency.

Path Guiding Adaptive importance sampling has a long history
in light transport, starting with photon maps [Jensen 1995] or spatial
data structures [Lafortune and Willems 1995] used to guide path
tracing. Generally speaking, these methods build local representa-
tions of the incoming radiance based on past samples, and use these
representations to guide future samples. Classical machine learning
methods [Dahm and Keller 2017; Hey and Purgathofer 2002; Muller
et al 2017; Reibold et a2018; Vorba et a014], and more recently
neural networks [Miller et al2018] have found widespread use for
representing radiance and guiding samples. Although these meth-
ods are capable of concentrating samples in high-variance areas,
they can only do sa@&fter the factuntil the distribution of radiance is
learned, problematic samples may introduce excessive variance into
the image that takes many subsequent samples to remove. In addi-
tion, these methods require complex spatial acceleration structures
that do not adapt well to large scene scales or highly directional
transport. In contrast, our method does not require an initial learn-
ing period or spatial data structures, and can remove high variance
samples in an unbiased manner before they enter the estimate.

Filtering and DenoisingA di erent approach to handling variance
in MC rendering is to blur problematic samples or directly remove
them from the image. This can be in the form of selective blurring
based on image variance [Rousselle eal12; Xu and Pattanaik

purposes (section 4). MIS for these estimators can be interpreted as 2005] or geometric features [Rousselle et26113], or more sophisti-

a crude rey detector, and we improve on the standard heuristics
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2014] or neural networks [Bako et &2017; Chaitanya et a2017].
Zwicker et al [2015] provides a comprehensive survey up to 2015.
These methods can be powerful at reducing residual variance, but
come at the cost of introducing signi cant bias. Gradient-domain
formulations [Gruson et al2018; Kettunen et a015; Lehtinen et al
2013; Manzi et aR015] can also reduce and distribute error more

evenly across the image either via a screened Poisson solver [Pérez

et al. 2003] or as a form of control variates [Rousselle e28116].

In their unbiased form, however, these tend to be outperformed
by biased denoising approaches. Instead of removing variance as
post-process, a common alternative approach is to prevent excessive
variance from entering the image in the rst place, either by clamp-
ing the contribution of a sample to some maximum value [Fascione
et al. 2017; Keller 1997], or by statistically detecting outliers and
discarding [DeCoro et al2010] or reweighting [Zirr et al 2018]
them. These methods still introduce bias, but limit the use of |-
tering only to samples with excessive variance. Instead of outright
removing problematic samples, we use them as starting points for
a Markov chain which spreads the brightness of the sample to its
neighboring pixels, resembling an unbiased form of blurring high
variance samples. Our method could still bene t from standard de-
noising methods to remove residual variance, and is more amenable
to Itering than standard MLT methods due to improved noise
uniformity.

3 BACKGROUND

Monte Carlo Renderinghe path integral framework forms the
basis of most current rendering algorithms and expresses the value
of a pixel measuremeritin terms of an integral over the spade
of all light paths

1

I = fix°dx ; (1)
P
where f 1x° is the measurement contribution of light patk. Tradi-
tional Monte Carlo rendering algorithms approximate Eg. (1) using
the estimator

1 0] f 1x'i%

N @

which averages the result df random and independent light paths
x1° that were sampled with probability densitgix"i .

Markov Chain Monte Carlo (MCMGistead of generating paths
independently, rendering algorithms based on MCMC generate a
sequence of correlated paths, starting from an initial seed path.

At each step of the chain, a tentative pa;ﬁi *1° is sampled from a
proposal distributionTx'° I y'i*1° which is typically a narrow
distribution (e.g. a Gaussian) centered on the previous path. The
tentative path is then probabilistically accepted as the new state
x1*1° of the chain with probabilityr1ix"° 1 y"*1%_|f the tentative
path is rejected, the chain remains at its current stadk’.

The acceptance probability is carefully crafted in tandem with a
target distributionCx° so that the distribution of states approaches
the target distribution in the limit. To obtain an image, MLT splats a
value off 1x' 0« C1x"°oto the image at each step of the Markov chain.
In the following, we will assume that the path contribution itself
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(or its luminance) are chosen as the target distribution Céx° =

f 1x"1°0e¢ for some normalization constar, although other choices
are possible [Hoberock and Hart 2010]. If the path contribution is
not scalar, we assumg!x® to be its luminance for brevity, and use
freEX® to explicitly refer to the spectral version.

Primary Sample Space MIUsing MLT directly in path space [Veach
and Guibas 1997] can be cumbersome, because it is di cult to evalu-
ate and tailor the proposal distribution to the materials and geometry

g Present in the scene. Primary Sample Space MLT (PSSMLT) [Kele-

men et al 2002] instead leverages an existing Monte Carlo rendering
algorithm (like path tracing) and recasts it as a functisne Stu®that
maps pointsu 2 U in the random number hypercube = >0; 19%
the primary sample spade paths x. Eq. (1) can then be rewritten
as an integral over the prirrlary sample space

I= ®3)

U

where f tu® = f 1StucfeptStu® for brevity, andp!Stu® is both the
path space probability density of sampleand the Jacobian deter-
minant of functionS. We can view traditional Monte Carlo methods
as approximating this integral with

fiuodu;

_10

N

1 0! f1u1i°o

f1yti%:

N joq prui™ i=1 @
Because these methods generate samples uniformly at random, the
sample density in primary sample space is simpha'i® = 1.

PSSMLT uses this formulation by running the Markov chain in
primary sample space instead of path space directly. Each state of
the Markov chain is a vector of random numbers, and the under-
lying mappingSis used to evaluate the contribution of each state.
PSSMLT vastly simpli es proposals, since they can be sampled from
simple Gaussians in the unit hypercube, and it leverages the existing
importance sampling performed by the underlying mapping.

Reversible JumpApplying PSSMLT to bidirectional path tracing
is complicated by the fact that bidirectional path tracing consists of
multiple distinct sampling techniques that each represent a di erent
mapping§ from primary sample space to paths. Recent work on
probabilistic inverses [Bitterli et al2018; Otsu et aR017; Panta-
leoni 2017] allows mapping a patk generated with techniqué
back to a point in primary sample space via the inverse mapping
u=§ Liy; 0 Coupled with the forward mapping, this allows jump-
ing between pointay; v sampled with techniques j through the
composite mappings = S 1S§w* or u = § 11§y, This al-
lows PSSMLT to easily switch between sampling techniques during
rendering, facilitating faster exploration.

Multiple Importance Sampling (MIS¥hen multiple Monte Carlo
estimators exist for the same integral, each individual estimator may
work better or worse than the other estimators in di erent parts
of the integration domain. Instead of choosing a single estimator,
a more robust solution is to use a weighted combination of all
estimators with weights chosen such that the combined estimator
has lower variance than any individual estimator. MIS [Veach and
Guibas 1995] provides several di erent heuristics for deriving these
weights based on the PDFs of the estimators.
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Assuming there are two strategies with PDpsandpp, thebal-
ance heuristigveights samples drawn from the rst strategy using

ny patu®

witu°® = ;
N1 pi1tu®+nz p2tu®

(®)

and analogously for the second strategy, whereandny are the
number of samples drawn from the two strategies.

While the balance heuristic provides continuously varying weights,
the maximum heuristi@ssigns a binary weight of 1 to the estimator
with the highest PDF, e.g. for the rst strategy

1 ifng patu®>nz p2tu°,

w1l = .
0 otherwise

(6)

Monte Carlo

and analogously for the second strategy. Both the balance and the—
maximum heuristic can be proven to be optimal in the sense that the 3'

variance of the combined estimator is never much worse than the
variance of the estimator with optimal MIS weights [Veach 1997].

Discussionln theory, MIS provides a mechanism for combining
estimators with di erent strengths, and we could attempt to solve
the problem laid out in Section 1 by coming up with a weighting
heuristic that is aware of the di erence in computational e ort
between estimators. However, this approach will fail in practice,
since MIS only provides a way fareightingdi erent estimators; it
does not provide a way foguiding estimators towards paths that
score a large weight. Naive MIS would simply waste any samples
generated by a sophisticated estimator when they could be handled
by a simple estimator; but what we need is to not generate these
samples with an expensive estimator in the rst place.

MLT is capable of guiding samples based on an arbitrary target
function, and this function can incorporate MIS weights [Hachisuka
et al. 2014]. We will use this idea and incorporate a specially crafted
weight into the target distribution of a Markov chain, such that
samples generated by computationally expensive estimators are
focused where they provide a bene t. Methods based on MLT, how-
ever, su er from non-uniform noise and temporal artifacts that we
do not want to inherit, so we need to rst identify the scenarios in
which MLT performs well.

4 SELECTIVE METROPOLISATION VIA MIS

In Fig. 2, we illustrate a simpli ed direct lighting scenario with
varying occlusion. A Monte Carlo approach without light sampling
(middle row) in this scene performs well if large areas of uniform
brightness of the emitter are visible (left), but does poorly if light is
visible only through a small window (middle). In contrast, an MLT
based method performs well if the target distribution is non-zero
only in a narrow region (middle), but does poorly on large areas
with uniform importance (left). Neither method performs well on a
scene with a mixture of both cases (right).

We propose to formulate the selective combination of MC and
MLT as a multiple importance sampling problem. The purpose of
this section is to come up with an MIS weighting strategy*u®
that assigns small weights to large, at areas easily integrable with
Monte Carlo and large weights to small islands that are best ex-
plored with MLT. We will then use the MC estimator to integrate
f1lu*ll wluin a straightforward way, and use MLT to explore
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Fig. 2. We illustrate a simple scene lit by an environment emi er under
di erent occlusion (top row). Monte Carlo methods (middle row) distribute
their samples uniformly at random in primary sample space. This works well
if the energy landscape is close to uniform (le column), but fails to sample
small energy islands well (middle column). MLT (bo om row) performs
poorly in flat regions (le column), but excels at exploring di icult paths
(middle column). When a scene contains a mixture of both scenarios, neither
strategy works well in isolation (right column).

the target distributionf tuwu®, which makes it focus its sampling
e ort where MLT performs well compared to MC.

We will rstlook atthe standard weights derived from the balance-
and maximum heuristic and explore why they are not ideal for our
purposes, before deriving a better weighting scheme. For simplicity,
we consider combining a Monte Carlo estimator with a PSSMLT
method that uses the same underlying estimator as its map|@3hg;
however, the same weights hold for any MLT method in primary
sample space.

Both the max- and balance heuristics require knowing the PDF of
the two estimators. In primary sample space, the PDF of the Monte
Carlo method is triviallypotu® = 1. Following Kelemen et a[2002],
we use the target distribution as the PDF of the Markov chain, i.e.
p1tu® = fuc, and the MIS weight of the Markov chain becomes

ny f uCec® _ fiye _ fwe 7
ny fluCec®+ny 1 fluC+ngeny ¢ fiuO+b’ (7)
for the balance heuristic, where is some constant that does not
depend on the sample, and

W1lue =

(
1 ifny fludec>np 1 1 if fiu®> hO

WlluO:
0 else 0 else

8
for the maximum heuristic and some other constaft

Equations (7) and (8) allow us to perform MIS between any Monte
Carlo estimator and its PSSMLT variant. The Markov chain will
automatically move towards regions where the base MC estimator
performs poorly, and high-variance samples generated by the MC
estimator will be downweighted before being added to the estimate.
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This forms the basis of a workable rendering algorithm. However,
these speci ¢ weights do not fully satisfy the goals set out at the ,
beginning of this section, and we again turn to Fig. 2 for an intuition. ,
For both heuristics, the MIS weight of the Markov chain depends,
solely on the brightness of the sample. If both the window and the ,
large at region have similar brightness, then these MIS weights 5
will lead to either MLT or Monte Carlo being used for both regions,
rather than the separation we would want. In practice, this leads to 7
counter-intuitive results, such as MLT being used to explore bright s
direct lighting, and dim indirect lighting being left to Monte Carlo. o

Although not ideal, the weight derived from the maximum heuris- 10
tic provides a starting point for deriving a better weighting scheme:11
Looking at Eq. (8), this heuristic assigns zero weight to the Monte2
Carlo estimator whenever the sample weight exceeds some thresh;
old, i.e.ftu® > b. If we did not use MLT in addition, this scheme ,,
would be equivalent to discarding samples with high contribution ;.
( re ies) to avoid high variance at the cost of bias.

Classifying samples as re ies based on brightness alone is thé®
simplest in a family ofoutlier detectorsThese algorithms detect
unlikely Monte Carlo samples, and are usually employed as a last?
resort measure to remove troublesome samples. However, outliét
detectors form a strong candidate for a good weighting scheme fogo
combining MLT and Monte Carlo: small islands in path space thag:
are easily explored with MLT directly correspond to outlier samples,
whereas samples in large uniform areas that are well sampled by
MC would be classi ed as inliers.

Following these insights, we propose the following algorithm:
Given an outlier detector that assigns large weightu® to unlikely
samples, we integrate the functiontu® 11 wu® with a standard
MC estimator, and use MLT to integrate the functiddu® wu®.

We give a high-level overview of our method in algorithm 1. The
Monte Carlo aspect of this algorithm is straightforward, but there
is a large design space for the Markov chain. In the next section, we
will explore the speci ¢ details needed to turn MLT into a practical
and e cient rendering algorithm for our purposes.

5 PRACTICAL MLT ON SPARSE DISTRIBUTIONS

Naively running an existing MLT method on the target distribution
f1u® wtu® works poorly in practice. By design, this target distribu-
tion is sparse and contains a large number of small, disconnected
islands . This creates two problems: Exploring the state space e ec-
tively poses a challenge, and nding initial stateg® with non-zero
contribution is di cult.

Our solution to this problem is two-fold: First, we directly use
discarded samples of the Monte Carlo estimator as initial states for
MLT. MC samples with low MIS weights will have a large score
in the corresponding MLT target distribution and therefore form
suitable initial states for the Markov chain. This ensures a large
and continually increasing sample pool for MLT to choose from.
Secondly, because it is di cult for MLT to nd its way across is-
lands, we don't expend any e ort into trying to do so. We only use
local perturbationsnstead of globamutationsthat are likely to fail,
and use many short-lived chains (100-1000 perturbations) instead
of a single long-lived chain. The latter ensures we still get global
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Algorithm 1: High-level outline of our rendering algorithm

function renderOneSP@
/I Run Monte Carlo sampler
outliers  fg
fori  Oto numPixelsdo
RNGState RNG
samples traceMonteCarloPath(i, RNG)
foreach ¢ 2 samplesdo
outlierDetectorSplat  %i; c°
w  outlierWeight 1i;c°
framebufferSplat %i;c 1 w®
if w>0then
\ appendoutliers ; fw c; RNGStatg®

/I Bookkeeping
n1  determineMLTSampleBudget(outliers)

. ni
numChains chainLength

/I Run MLT

for i 1to numChainglo
seed selectSeed!candidates®
runMLTseed®

/I Apply changes to outlier detector from this iteration
updateOutlierDetector()

coverage of the state space, and also greatly improves strati cation
and noise characteristics of MLT [Cline et al. 2005].

Each complete transport path formed by the Monte Carlo estima-
tor (e.g. each successful shadow connection by a path tracer) is run
through the outlier detector and recorded in an outlier poolftu®
is non-zero. For each chain, we randomly select one of the samples
in the outlier pool as the initial stater'” and run the Markov chain
for k steps. Assuming an MLT budget nf samples, we may run
n1ekc chains in total. At each step”® of the Markov chain, we
record a value of

1 fw'®o

N1 pmfty'co

fragu ™.
g 9)

in the framebu er, wheref 1’ is the brightness of the initial
outlier, andpmfiu’® is the probability of picking that outlier as the
initial state from the set of recorded outliers. To ensure all chains
have approximately equal contribution, we semftu’® / f1y'®o,
Similar to Cline et al[2005], we did not nd our setting of the
chain length parameter to be critical. Shorter chains generally lead to
increased correlation artifacts, while longer chains lead to increased
noise as fewer seed paths can be explored. We use 1000 mutations
as a sane default, and did not need to adjust it for di erent scenes.

5.1 Allocating Samples

To make our algorithm e ective, we need to appropriately budget
the number of samples that the MLT- and the Monte Carlo estimator
should take. Too few samples for MLT means we do not improve
much over the Monte Carlo estimator alone, and too many increases
render times without much decrease in variance.

The weighting introduced by the outlier detector e ectively cre-
ates a soft partitioning of the integrand into two domains, where
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