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Photon Mapping
• Volumetric Photon Mapping 

– [Jensen & Christensen ’98]

• Beam Radiance Estimate 
– [Jarosz et al. ’08]

• Photon Beams 
– [Jarosz et al. ’11]

• Analysis & MIS with unbiased methods 
– [Křivánek et al. 2014]
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Contributions
• Generalized theory of density estimation 

Predict infinite collection of new, unbiased estimators

• Theoretical error analysis 
These estimators outperform prior work in theory

• Practical implementations 
…and they also do better in practice
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Summary
• “Marching” is a mechanism to obtain new photons
• Observation: 

   “Marching” replaces transmittance estimators
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Transmittance Estimators
• Originate in neutron transport
• Closely linked to photons 

         [Křivánek et al. 2014]
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Collision estimator

Collision estimator

Collision estimator

Expected Value

• But: Collision estimator on every segment!
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Track-Length × Expected

“Short-Long” Plane

Photon Planes
• Plane geometry depends on estimators used
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Beyond Points and Beams
• We can keep repeating this!
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• Arrangement introduces Jacobian term 

– Represents photon “squishing” and “stretching”

• Details: See paper

33



About Bias

34



About Bias
• Replacing distance sampling decreases bias

34



About Bias
• Replacing distance sampling decreases bias

34

Photon Points 3D Blur

Beam Radiance Estimate 2D Blur

Photon Beams 1D Blur

Photon Planes 0D Blur

Photon Volumes 0D Blur



About Bias
• Replacing distance sampling decreases bias
• Planes and beyond: Unbiased

34

Photon Points 3D Blur

Beam Radiance Estimate 2D Blur

Photon Beams 1D Blur

Photon Planes 0D Blur

Photon Volumes 0D Blur



About Bias
• Replacing distance sampling decreases bias
• Planes and beyond: Unbiased

34



About Bias
• Replacing distance sampling decreases bias
• Planes and beyond: Unbiased
• But: Bias ↔ Variance tradeoff

34



About Bias
• Replacing distance sampling decreases bias
• Planes and beyond: Unbiased
• But: Bias ↔ Variance tradeoff

• In paper: Planes (0D Blur)
                   Planes (1D Blur)

34



Summary

35



Summary
• Previous work: 

Replace one collision with track-length/expected value

35



Summary
• Previous work: 

Replace one collision with track-length/expected value

• Our work: 
Repeat this process along preceding segments

35



Summary
• Previous work: 

Replace one collision with track-length/expected value

• Our work: 
Repeat this process along preceding segments

• Can do this for both photons and cameras

35



Summary
• Previous work: 

Replace one collision with track-length/expected value

• Our work: 
Repeat this process along preceding segments

• Can do this for both photons and cameras
• These new estimators are unbiased
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Error Analysis
• Analytic bias & variance of 27 different photons
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Results
• Two implementations of our method
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• GPU: Rasterize photons
• Can do this in the browser!

• Scene:
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Raytracing Implementation
• Two-pass renderer:

• Acceleration: Details in paper
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Evaluation
• Qualitative comparison: Equal time renders (5m)

• Quantitative comparison:

• Speedup: Ratio of variance
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Conclusion
• Generalize prior density estimators
• Replace distance sampling with T/E
• Asymptotic error improvement
• In practice, 2 - 40× variance improvement
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Future Work
• New volume photons lead to new surface photons

• What about phase functions? 
– “Photon spinning”: Photon rings, cones, cylinders…
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Thanks!
• Try our WebGL Demo! 
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benedikt-bitterli.me/photon-planes


